This paper deals with the calculation of a vector of reliable weights of decision alternatives on the basis of interval pairwise comparison judgments of experts. These weights are used to construct the ranking of decision alternatives and to solve selection problems, problems of ratings construction, resources allocation problems, scenarios evaluation problems, and other decision making problems. A comparative analysis of several popular models, which calculate interval weights on the basis of interval pairwise comparison matrices (IPCMs), was performed. The features of these models when they are applied to IPCMs with different inconsistency levels were identified. An algorithm is proposed which contains the stages for analyzing and increasing the IPCM inconsistency, calculating normalized interval weights, and calculating the ranking of decision alternatives on the basis of the resulting interval weights. It was found that the property of weak order preservation usually allowed identifying order-related intransitive expert pairwise comparison judgments. The correction of these elements leads to the removal of contradictions in resulting weights and increases the accuracy and reliability of results.
Introduction
The problem of calculation of weights of decision alternatives using methods of pairwise comparisons is consi-dered for the case when the initial information is provided in the form of assessments given by experts or decision makers. In recent years, fuzzy pairwise comparisons methods that use expert judgments in the form of fuzzy pairwise comparison matrices (PCMs) [1] and interval PCMs [2] - [8] became widespread. Calculated weights are further used to construct the ranking of decision alternatives and to solve the following problems: selection problems, problems of ratings construction, resources allocation problems, scenarios evaluation problems, and other decision making problems.
To calculate weights of decision alternatives on the basis of an Interval PCM (IPCM) [2] , GPM [3] [4], LUAM [5] , MFLLSM [6] , two-stage models TLGP [7] and 2SLGP [8] , and others. The FPP model calculates crisp weights and requires additional parameters that characterize the personal qualities of an expert. The MFLLSM and TLGP models require solving nonlinear mathematical programming problems. Chang's method [9] of calculating weights based on fuzzy PCM with triangular fuzzy numbers ( Trmf l m u l m u i j n = < ≤ ≤ =  is used. However, in conventional models, little attention is given to the issues of consistency of interval and fuzzy PCMs. The above-mentioned models cannot determine whether the IPCM inconsistency is acceptable for the decision-making process. The authors do not offer methods to increase the consistency of interval and fuzzy PCMs. The purpose of this paper is to calculate a reliable interval weight vector on the basis of IPCMs with different inconsistency levels. To achieve this goal, a comparative analysis of several models that calculate interval weights on the basis of IPCM is performed. Resulting interval weights, in our opinion, are more preferable in comparison with crisp weights, because interval weights retain more information from the original IPCM. To find the intransitive IPCM elements that lead to a significant inconsistency of this matrix, the properties of the weak and strong order preservation on the set of decision alternatives are investigated. An algorithm is proposed that analyzes and increases the IPCM consistency, calculates normalized interval weights, and calculates the ranks of decision alternatives on the basis of the resulting interval weights. 
Problem Statement

An Algorithm for Calculating a Vector of Interval Weights on the Basis of IPCM
Let us assume that it is necessary to calculate the relative importance coefficients (weights) of n decision alternatives when the input data are expert pairwise comparison judgments of these alternatives. An expert provides verbal preference assessments for every pair of alternatives. Based on these results, the IPCM (1) is constructed. An algorithm is proposed for calculating the weights of decision alternatives which contains the stages for analyzing the quality of expert judgments, finding the normalized interval weights, and ranking of decision alternatives on the basis of the resulting interval weights (Figure 1 ). The quality analysis of expert judgments includes an assessment of a consistency of IPCM and an acceptable inconsistency of an IPCM similarly to the crisp pairwise comparison matrix. It is known that the calculation of weights on the basis of expert pairwise comparison judgments is justified only in case of acceptable inconsistency of these judgments [10] . The best way of increasing the IPCM consistency, in our opinion, is to organize a feedback with an expert, especially in practical problems when an expert is the only source of knowledge. When a feedback with an expert is not possible for some reasons, IPCM elements are automatically changed to increase the consistency without expert's participation. Normalized weights of alternatives corresponding to each criterion are often used while solving multi-criteria decision-making problems. Therefore, the algorithm includes the step of normalization of interval weights, calculated on the basis of an IPCM. Interval weights also require special ranking methods to select the best decision alternative, to construct ratings, and to solve other problems of ordering decision alternatives according to their importance.
Let us consider the steps of the algorithm in more details (see Figure 1 ).
IPCM Consistency Estimating
The notion of the consistency is used to assess the contradictoriness level of expert pairwise comparison judgments when calculating weights. Recently, several definitions of a consistent IPCM have been suggested and their comparative analysis has been performed in [11] . In this paper, we use the relatively weak definition (Definition 1). On the basis of this definition, several models of calculating interval weights were proposed [3] - [5] . They will be studied in this paper. Definition 1. IPCM (1) is consistent if the following acceptable domain is not empty [2] - [8] ( )
Statement 1.
IPCM (1) is consistent if and only if its elements satisfy the following condition:
In general, an IPCM (1), based on expert judgments, is not consistent. Expert judgments may contain outliers and be intransitive. This leads to the significant inconsistency of an IPCM. Methods for identifying outliers and intransitive elements in a crisp PCM were developed [12] - [14] . These methods, in principle, can be also used in the case of an IPCM. To assess the quality of a crisp PCM, the concept of weak consistency can be used as well [12] [15] .
Let us consider the property of weak consistency of a PCM and the properties of the weak and strong order preservation on the set of decision alternatives; also, let us perform their generalization to the case of IPCM. These properties are used in the paper during the analysis of features of the models for calculating weights.
Definition 2. IPCM (1) 
A weakly inconsistent IPCM has at least one cycle, which is determined by three indices ( )
IPCM indicates the violation of the ordinal transitivity on the set of comparable decision alternatives and can be the result of a random expert error when performing pairwise comparisons of alternatives. In most cases, an IPCM with a cycle has a high level of inconsistency and cannot be used to calculate weights. Definition 3. The order is preserved weakly (there is a predominance of the elements of an IPCM), if [1] ( ) ( )
We suggest the hypothesis that the property of the weak order preservation will allow to identify the elements that lead to a cycle (order-related intransitive elements), and, accordingly, to the inconsistency of an IPCM. It should be noted that the definition ( ) ( ) 
The traditional eigenvector method (EM) and the logarithmic least squares method for calculating weights on the basis of a crisp PCM provide the strong order preservation, but do not provide the weak preservation [10] .
Interval Weights Ranking
Methods for calculating weights on the basis of fuzzy (or interval) PCM often result in fuzzy (interval) weight vectors. So, for cases described in Definitions 2-4, such as a weak consistent IPCM, the weak order preservation for the fuzzy case, and strong order preservation for the fuzzy case, it is necessary to use the method of comparison of fuzzy numbers, i.e. elements of fuzzy PCM and elements of a fuzzy weights vector. In [16] , the survey was done of methods proposed in 1970-1980 for ranking fuzzy numbers. They include the degree of optimality method and the methods which use the Hamming function, alpha-levels, fuzzy average and spread, proximity to the ideal, centroid index, etc. There are methods of intervals ranking based on comparison of the middles or ends of the intervals [17] . The disadvantage of these methods is that only the partial ranking can be obtained in many cases. The methods of comparing interval numbers that define an optimism index and a degree of preference of one interval number over another from a pessimistic point of view (decision-maker's aversion to risk) are proposed in [18] . The properties of these methods and formulas for calculating the degrees of preference for the comparison of interval numbers are given in [7] [19] . The method of degrees of preference is easy in use, has the desired properties (in particular, provides a full ranking), and is widely used [7] [19]- [21] .
The method of degrees of preference is used in this study to determine the relationship between interval numbers in cases of a weak consistent IPCM, the weak order preservation, and the strong order preservation (see Definitions 2-4).
Definition 5. Let us suppose that ,
The degree of preference has the following properties:
The degree of preference ( ) Note that the formula for calculating the degree of preference (Formula (2)) can be written in the equivalent form:
Definition 5 allows to find the complete ranking of the set of interval numbers 1 2 , , , n x x x  . The method for ranking of interval numbers based on the degrees of preference consists of the following steps: 1) Calculate the matrix of the degrees of preference
2) Calculate the generalized value of the preference of an interval number i x , 1, i n = :
3) Build the ranking of interval numbers 1 , , n x x  in accordance with the decreasing values of i p .
Interval Weights Normalization
Usually, the methods used for the interval weights normalization are based on interval arithmetic. For example, each number is divided by the sum of all interval values with the use of the extended binary operations. Another method is the normalization of the midpoints of the intervals. While selecting a normalization method, it should be taken into account that the use of extended binary operations often results in overly wide intervals; therefore, it is not always justified in practice. In [22] , the failure of traditional normalization methods is shown and a new normalization method of interval and fuzzy variables is proposed. This paper uses the above-mentioned new method.
is a set of vectors of normalized interval numbers.
Definition 6. A vector of interval weights
and only if it satisfies two following conditions [22] :
2) 
according to Definition 6 if and only if [22] :
Note that the two conditions in statement 2 can be simplified and rewritten in the equivalent form:
Let us consider the GPM [3] [4] and LUAM [5] models for calculating normalized, in accordance with the Definition 6, interval weights based on an IPCM. 
Models of Interval Weights Calculation on the Basis of an IPCM
Linear Goal Programming Model (GPM)
It is known that, for a given by an expert IPCM A(1), there exists a normalized vector
, where ij ε is a perturbation.
Let us consider the consistent IPCM
and present it with two crisp non-negative matrices
It can be written in the matrix form as
where 
where After the model 1 is rewritten by taking into account the change of variables, we have the linear programming model 2 [3] . 
with restrictions:
J in the models 1 and 2 are equal to zero. The value of the deviation of * J from zero can be used to evaluate the inconsistency of expert judgments.
Lower and Upper Approximation Models (LUAM)
As before, we assume that for IPCM A(1), given by an expert, there is a normalized vector
 close to A which can be expressed more formally as , , 
 -the upper interval weights. Using the interval arithmetic, we can write the condition (7) in detail as follows:
During the construction of the lower and the upper models, we will seek the greatest lower and smallest upper bounds of the interval of weights endpoints, respectively. We define the lower model [5] as an optimization problem for maximizing the sum of the lengths of interval numbers ij c with the first restriction from (8) . We define the upper model [5] as an optimization problem for minimizing the sum of the lengths of interval numbers ij d with the second restriction from (8).
Lower model: Upper model:
The main goal of the lower model is to find such weights of decision alternatives that the corresponding theoretical (consistent) IPCM puts a lower limit on a given IPCM (1). The most desirable weights are ones with the greatest possible degree of inaccuracy expressed by the width of the interval number. Therefore, the lower model is formulated as a maximization problem. The first two lower model restrictions provide approaching of the corresponding theoretical (consistent) IPCM to a given IPCM (1) from below. The following two restrictions are the necessary and sufficient conditions for the normalization of an interval weight vector. The last two restrictions ensure the correctness of the interval number and its positivity. One of the features of the lower model is that the solution may not exist at a certain level of inconsistency of expert judgments [5] .
The upper model is used to find such weights of decision alternatives that the corresponding theoretical IPCM puts an upper limit on a given IPCM (1). The most desirable are weights with the minimal possible degree of inaccuracy, so the upper model is formulated as a minimization problem. The restrictions of the upper model are similar to the restrictions of the lower model. It can be shown that the upper model always has an optimal solution.
Let us turn to the analysis of the discussed above models to determine the most reliable weights vector.
A Comparative Analysis of Models for Calculating Interval Weights on the Basis of an IPCM
The models GPM [3] [4], LUAM [5] , and TLGP [7] are developed for calculating interval weights on the basis of an IPCM, built according to expert judgments using the multiplicative scales. They can be used for both consistent and inconsistent IPCMs and produce the interval weights. The 2SLGP model [8] works only for IPCMs which are consistent in accordance with Definition 1. The GPM model is the minimization of absolute values of deviations of a given by an expert IPCM from the theoretical IPCM. The TLGP model calculates the weights vector in two steps. At the first step, the sum of nonnegative errors in the transformed space of logarithms is minimized; the result of this step is a set of solutions. At the second step, separately for each decision alternative, two problems of nonlinear programming are solved to select from this set of solutions the minimum and maximum weight values that form, respectively, the left and right endpoints of the weight interval. The LUAM model consists of two sub-models-the lower and the upper. As a result, we get two vectors of interval weights that bound the unknown real alternative weights with two theoretical IPCMs from above and below. These results seem to be less suitable for further using, but generally contain solutions of the TLGP and GPM models.
The GPM and LUAM models allow us to determine the normalized interval weights, but the TLGP model does not. The TLGP model works in logarithmic space of weights and uses the inverse transformation. Interval weights, calculated using the TLGP model, require subsequent normalization with the purpose of their further use in solving of a multi-criteria problem. While choosing a method of interval values normalization, it should be taken into account, that using extended binary operations often leads to overly wide resulting intervals; therefore, it is not always justified in practice.
The TLGP model uses only the elements of a triangular part of an IPCM as the initial data; in this case, the results for the upper and lower triangular parts of IPCM are equivalent. The GPM and LUAM models use all elements of an IPCM.
The GPM and LUAM models include solving linear programming problems. Besides, the lower LUAM model does not always have a solution. The existence of the solution in the lower LUAM model depends on the inconsistency level of an IPCM. The TLGP model requires solving nonlinear programming problems.
The GPM and TLGP models, unlike the LUAM, allow to evaluate in some degree an inconsistency of an IPCM (i.e. expert judgments) [23] . The optimal values of objective functions * J in these models may be assessments of an inconsistency. However, only the presence of an inconsistency in an IPCM can be determined, that corresponds to * 0 J ≠ . The GPM and TLGP models do not allow to determine whether this inconsistency is acceptable for decision-making, as opposed to, for example, the traditional method of principal eigenvector EM for a crisp PCM, where thresholds for the consistency ratio CR are developed.
The objective function of the GPM model contains the sum of all deviations in the rows of a given IPCM from the theoretical (consistent) IPCM. Therefore, it becomes possible to identify the most inconsistent IPCM element by finding the maximum term in this sum, i.e. the IPCM row that gives the maximum deviation [23] . Then, we can increase the IPCM consistency. For example, we can organize a feed back with an expert and return to him or her the most inconsistent element for review. Note, that the LUAM model does not have this property, does not allow to increase IPCM consistency, and does not allow to exclude cycles (order-related intransitive expert judgments) in this matrix.
The advantages of the GPM model include the possibility to extend this model easily to the case of fuzzy pairwise comparison matrices whose elements are specified, for example, as triangular or trapezoidal fuzzy sets. 
The Analysis of Models Using Examples of IPCMs of Different Consistency Levels
In the case of a fully consistent PCM 1 A , the models GPM [3] [4] and LUAM [5] have led to equal crisp weights ( Table 1) . Otherwise, if PCM is not consistent, weights obtained using different methods will vary, but in many cases the weights give an equal ranking of decision alternatives. For a weakly consistent PCM 2 A , the ranking calculated by the GPM model coincides with the ranking calculated by the traditional eigenvector method EM ( Table 2 ). The LUAM model can lead to another ranking on the basis of a weakly consistent PCM ( Table 2 ). For such PCMs, the property of the weak order preservation mainly holds. In the most inconsistent case, when a PCM has intransitive elements (a cycle), rankings, obtained by different models, largely differ from each other and the property of the weak order preservation does not hold ( Table 3 ). The property of the strong order preservation holds regardless of the level of the PCM consistency. A are considered. In Tables 4-7 , resulting weights, inconsistency indices, rankings of decision alternatives, the weak order preservation, and strong order preservation are shown. If the properties of the weak or strong order preservation do not hold, the elements that violate these properties are shown in the corresponding rows of these tables. In Table 5 In all these examples, corrected IPCMs are weakly consistent. Based on these IPCMs, the rankings derived using the GPM and LUAM models mostly agreed with each other (Table 6(b) and Table 7 (b)). 6) Weights calculated by the GPM and LUAM models satisfy the property of the strong order preservation for all IPCMs from Examples 1-4 regardless of the inconsistency level of these matrices.
Conclusions
A comparative analysis of the GPM, LUAM and TLGP models, which calculate interval weights on the basis of an interval pairwise comparison matrix, was performed. When these models were applied to IPCMs with different inconsistency levels, these models' features were identified.
It was established that the property of the weak order preservation usually allowed identifying order-related intransitive elements in weakly inconsistent IPCMs. After their correction, more consistent IPCMs were obtained, which was reflected by lower values of the inconsistency indices of the GPM and LUAM models. The correction of these elements removes contradictions in resulting weights and increases the accuracy and reliability of results.
An algorithm is proposed which contains the stages of analyzing and increasing of an IPCM consistency, calculating normalized interval weights, and calculating the ranking of decision alternatives on the basis of the resulting interval weights.
